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A theory determining the evolution of general Rayleigh-Taylor mixing fronts is established to
reproduce firstly all of the documented experiments conducted for diverse acceleration histories and
all density ratios. The theory is established in terms of the fundamental conservation and symmetry
principles, with special consideration given to the symmetry breaking of the density fields occurring
in actual flows. The results reveal the sensitivity/insensitivity of the evolution of a mixing front
neighbouring light/heavy fluid to the degree of symmetry breaking, and also explain the distinct
evolutions in two experiments with the same configurations.
PACS numbers: 47.20.Ma, 47.51.+a
As shown in Fig.1, when two fluids of density ρi (i =
1 = light, i = 2 = heavy) are separated by a perturbed
interface and are accelerated in the direction opposite to
that of the density gradient, Rayleigh-Taylor (RT) insta-
bility occurs and develops rapidly into turbulent mixing
consisting with bubbles/spikes mixing zone (BMZ/SMZ)
[1]. The mixing occurs ubiquitously in systems extending
from the micro to astrophysical scales [2]. As the sim-
plest and primary descriptor of the mixing process, the
evolution of the two edges of the mixing zone (i.e. mix-
ing fronts hi(t), i = 1 = spikes, i = 2 = bubbles) plays a
notable role [1] in many natural phenomena (e.g., super-
nova explosions [3]) and engineering applications (e.g.,
inertial confinement fusion [4]). The scenarios generally
involve complex varying acceleration histories g(t) and
widely varying density ratios R ≡ ρ2/ρ1, two dominant
factors [5] affecting hi(t).
To predict the hi(t) of general RT problem, many mod-
els have been developed in the last few decades, includ-
ing the bubble-competition model [6], energy-transfer
model [7], stationary-centroid model [8] and buoyancy-
drag models [1, 5, 9–11]. However, no model has com-
pletely [5] reproduced the observed hi(t) [10, 12–14]. In
fact, even for the simplest RT problem with constant g,
previous models do not predict satisfactorily. For ex-
ample, the models produced only one pair of quadratic-
growth-coefficients αAi ≡ hi/(Agt2), while few pairs of αAi
were observed [10] (see Fig.2), where A ≡ (R−1)/(R+1)
is the Atwood number.
In this letter, we describe a new theory for the general
incompressible RT problem with the fundamental conser-
vation and symmetry principles. The theory is validated
by the series of experiments [10, 13, 14]. Furthermore,
it reveals that the hi(t) may be affected by initial per-
turbations and fluid properties, but governed essentially
by mass, momentum conservation and Newton’s second
law.
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FIG. 1: Problem set up, notations, ideas, and assumption
for the current theory.
We describe our theory with Fig.1. In Fig.1, the o −
xyz is a non-inertial reference frame fixed at the initially
unperturbed interface[10], denoted by subscript 0. The
g(t) is directed along the y axis, i.e. y¨ = g(t). Mixing is
assumed to be statistically homogeneous in the x and z
directions [5, 8], with the cross-sectional area set to unity.
Consequently, quantities depend only on y and t. The
hi quantifies the distance of the interface to the mixing
fronts, defined by the locations with concentration c =
1%(99%) [15]. V (y) quantifies the propagation speed of
an iso-concentration surface [8] at y, with V (hi) ≡ vi ≡
h˙i. Since the density profile ρ(y) in RT problem increases
monotonically from ρ1, to ρ0, and to ρ2, one thus has
ρ¯i = wiρ0+(1−wi)ρi, where f¯ ≡ [
∫ hi
0
f(yi)dyi]/hi defines
a volume-average and wi is called a mixing weight. Since
ρ(yi) transitions smoothly near hi, wi should be less than
1/2, i.e. the mixing weight of the linearly varying density
profile.
We first introduce the concept of symmetry (breaking)
of the density fields as follows: density fields in BMZ
and SMZ are said to be in symmetry (breaking) if sym-
metry breaking factor η ≡ w1/w2 = (6=)1. Based on
this concept, we establish our theory with conservation
principles. First, the conservation of mass [5] requires
ρ1h1 + ρ2h2 = ρ¯1h1 + ρ¯2h2, (1)
2Second, given the success of the momentum-driven view-
point [16] in understanding RT mixing and that of the
stationary centroid hypothesis in predicting the hi(t) of
constant acceleration RT problems [5, 8, 17], it seem
plausible for an approximation of the vanishing resul-
tant force on the entire mixing region, resulting in the
quasi-conservation of momentum (similar to the station-
ary centroid hypothesis):
ρ¯1h1
˙¯V 1 = ρ¯2h2
˙¯V 2, (2)
which is established by regarding the BMZ/SMZ as a par-
ticle. Eq.(2) implies that the evolutions of h1(t) and h2(t)
depend on each other, and thus should not be predicted
with the two independent equations of the previous mod-
els [1, 5, 9–11]. Consequently, one additional evolution
equation is needed. Given that the bubble structure is
independent of R [6], we prefer to establish an evolution
equation for h2(t) to avoid R-dependent parameters. For
BMZ, it incurs three forces, namely, a buoyancy force
fb = ρ2h2g(t), an inertial force fi = ρ¯2h2g(t), and a drag
force fd = Cdρ2v2|v2| [5], where Cd is the drag coefficient.
Applying Newton’s second law to BMZ gives
ρ¯2h2
˙¯V 2 = fb − fi − fd. (3)
In Eq.(2)-(3), we use the volume-averaged V¯i to quan-
tify the rate of change of the momentum, instead of using
the local vi in previous models[1, 5, 9–11]. In physics, this
is more reasonable since the entire BMZ is regarded as
being a particle, such that V¯i should be used. Due to
this, however, Eq.(1)-(3) become unclosed, such that an
assumption, with which the relationship between V¯i and
vi can be derived, is needed. We notice that a reasonable
assumption should meet the two following physical intu-
itions: (1) for unity R, due to symmetry, V (yi) should
increase monotonically from 0 at y = 0 to V (hi) at y = hi
; (2) for any value of R, due to continuity, (dV/dy)|y→0+
= (dV/dy)|y→0− . Therefore, the simplest assumption is
V (yi)/V (hi) = (yi/hi)
2, giving V¯i = vi/3 and the final
evolution equation:
γχv˙1 = v˙2 = βAg(t) − Cφv2|v2|/h2, (4)
where χ ≡ h1/h2, C ≡ 3Cd, φ ≡ ρ2/ρ¯2 = R(1+χη)/Θ,
β ≡ 3(φ − 1)/A = 3w2χη(R + 1)/Θ, γ ≡ ρ¯1/ρ¯2 = [(R −
1)w2η + (1+χη)]/Θ, and Θ ≡ R(1 + χη) +w2χη(1−R).
Three parameters,η, w2, C, are incorporated into the cur-
rent theory. Due to the abovementioned R-independent
bubble structure, the parameters are postulated to be
R-independent and are determined with four steps.
Step I: Obtain the exact quadratic solution of Eq.(4)
for problem with constant g = g0, initial values of hi0 = 0
and vi0 = 0 to give (see Ref.[5] for more information)
hi = α
A
i Agt
2, αA2 = β/(2 + 4Cg0φ), α
A
1 = χ
A
g0α
A
2 , (5)
where χAg0 , equivalent to α
A
1 /α
A
2 or h1/h2, are determined
as follows. Substituting the quadratic solution to the
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FIG. 2: (color online). The comparison of αA1 (red),α
A
2
(black) and αA1 /α
A
2 (inset) between the experiments (symbols
[10]) and the theoretical predictions (lines) for problems with
constant g and at all R. The symbols with ↓ denote the two
over-measured data [10]. In inset, the short dashed line and
dash-dot line show the empirical formula given by Youngs’
[12, 18] and Dimonte [10], respectively.
first equality of Eq. (4) yields γ(χAg0)
2 = 1 and then
∑3
m=0 am(χ
A
g0 )
m
= 0, for which the positive real root
gives χAg0 = [B
1/2
1 (cos θ+
√
3 sin θ) −a2]/(3a3) with a0 =
−R, a1 = w2η(R− 1)−Rη, a2 = (R− 1)w2η+1, a3 = η,
B1 = a
2
2 − 3a1a3, B2 = a1a2 − 9a0a3, D = (2B1a2 −
3a3B2)/(2B
3/2
1 ) and θ = arccosD/3.
Step II: Establish the algebraic interrelation between
the parameters of η, w2, Cg0 and the asymptomatic
quadratic-growth-coefficients of α02, α
1
2, α
1
1 with the solu-
tions obtained in step I to give finally


w2(η, α
0
2, α
1
2) = (T
2 + 6ηα12T )/[36η(α
1
2)
2 + 6ηα12T ]
α11(η, α
0
2, α
1
2) = α
1
2χ
1
g0
Cg0(η, α
0
2, α
1
2) = 3w2η/[2α
0
2(1 + η)]− 1/2
η(w2, α
0
2, α
1
2) = [−b2 − (b
2
2 − 4b1b3)
1/2]/(2b1)
η(α11, α
0
2, α
1
2) = [−d2 − (d
2
2 − 4d1d3)
1/2]/(2d1)
,
(6)
where χ1g0 = [(1 − w2)η + ((1− w2)2η2 + 4w2η)1/2]/
(2w2η), T = e1+e3η, b1 = e
2
3+e2e3(1−w2), b2 = 2e1e3+
e1e2(1− w2)− e22w2 ,b3 = e21, d1 = µ(µ+ 1)e23 + e2e3µ2,
d2 = 2e1e3µ(µ+ 1) + e1e2µ
2 − e2e3 − e22µ, d3 = e21µ(µ+
1)− e22 − e1e2 , e1 = α02(3 + 2α12), e2 = 6α12, e3 = e1 − e2
and µ = α11/α
1
2.
Step III: Determine the values of the parameters.
First, the range of η ∈ (ηmin, ηmax) is determined by
combining the physical constraints of w2 < 1/2 (see
Fig.1), α11 < 1/2 (restricted by free fall[5]) and the
asymptotic requirements of α02 = 0.06 (see experiments
[10, 12, 19]), α12 = 0.05 (see theories [6, 20, 21]). In
fact, the first two expressions of Eq. (6) show that w2
(α11) is a decreasing (increasing) function of η nearby
η = 1, thus giving ηmin(w2 = 1/2, α
0
2, α
1
2) = 0.56 and
3ηmax(α
1
1 = 1/2, α
0
2, α
1
2) = 1.37. Second, by using the
first and the third expressions of Eq.(6), one can calcu-
late w2 and Cg0 by assigning specific η to give specially
w2(η = 1, α
0
2, α
1
2) = 0.24 and Cg0(η = 1, α
0
2, α
1
2) = 2.5.
Step IV: Utilize the obtained Cg0 to determine the drag
coefficient C for the variable g(t) problem, for which a
time-dependent value of C[g(t)] is expected to be ob-
tained. The main logic can be summarized as follows. In
physics, drag is proportional to the surface area of the
bubble structure [1, 6] (denoted as S) and is highly de-
pendent on the direction of mixing. For a case in which
v2 ≥ 0, the drag is dominated by chunk mixing near the
local mixing front, and the experiments further imply a
negative correlation between S and dg/dt [10, 13], leading
to C = Cg0 , C ≈ Cg0 , C < Cg0 , C > Cg0 for problems
driven by constant, oscillating, increasing, and decreasing
g(t), respectively. In contrast, for cases in which v2 < 0,
the drag is dominated by atomic mixing [22] across the
entire BMZ (S ≫ Sv2≥0), leading to C ≫ Cg0 .
With the parameters determined above, our theory is
systematically validated for general RT mixing, as shown
in Fig. 2-4. Fig.2 shows the validation for an RT prob-
lem with constant g and at all R, where our predictions
are in good agreement with the results of the experi-
ments [10]. In our predictions, the different values of
η are used to reveal the dependence of the evolutions
on the symmetry (breaking) of the density fields, to re-
produce the many observed pairs of αAi at the same R,
and to explain the distinct evolutions in two experiments
with the same configurations [18]. Fig.2 further indicates
that: (1) Except for the two over-measured points, al-
most every observed αA1 is within the region bounded by
curves with the maximum and minimum η; (2) Except
for very few experiments, the density fields in BMZ and
SMZ are symmetrical approximately in most cases since
the majority of the observed αAi values lie on curves for
which η ≈ 1; (3)αA1(2), or equivalently h1(2)(t), is closely
(slightly) dependent on η, consistent with the results of
the experiments; (4)αA1 /α
A
2 is closely dependent on η, ex-
plaining the distinct difference between the empirical for-
mula of αA1 /α
A
2 ∼ R0.33 observed in linear electric motor
experiments [10] and that of αA1 /α
A
2 ∼ R0.23 in rocket-rig
experiments [12, 18] for the first time.
Figs. 3-4 show a validation for problems with diverse
g(t) and at all R (vi0 = 0, hi0 = 10
−6m [5]). For variable
g(t) problems, although C[g(t)] has not yet been formu-
lated, we can still predict hi(t) with a reasonable approx-
imation of C = const., either entirely or piecewise. By
means of this approximation, our theory is in good agree-
ment with the results of experiments, and much better
than theory given in Ref.[5] (illustrated by the example
in the inset of Fig. 4). To the best of our knowledge,
this is the first time that a theory has successfully repro-
duced the results of all the experiments with the same
parameters determined definitely.
As a special example of variable g(t) problem, it is
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FIG. 3: (color online). The comparison of h1(t) (red), h2(t)
(black), and hm(t) ≡ h1(t) + h2(t) (blue) between theoret-
ical predictions (lines) and experiments (symbols [10, 14])
for problems driven by (a) increasing,(b) oscillating,(c) de-
creasing and (d) complex g(t) (shown in inset). R = 1.57
in cases (a)-(c), and R = 2.83 in case (d). Z is defined as
Z ≡
∫ ∫
g(t′)dt′dt. The lines are obtained by integrating
Eq.(4) with η = 1 and the suggested C (see text and fig-
ures). Specifically, for case (d), according to the sign of v2,
the piecewise constant C are used.
necessary to validate and analysis the current theory for
problem with impulsive g(t) = Uδ(t) (Richmyer-Meshkov
mixing [5, 10]). To this end, we have divided the entire
g(t) into stage I with impulsive acceleration and stage
II with zero acceleration [10]. Given the extremely short
duration of stage I, we only investigated stage II and have
denoted the quantities at the end of stage I with subscript
δ. For stage II with initial values of viδ and hiδ, Eq.(4)
approximately has a power-law solution [5] of
hi = hiδ(
t
tiδθAi
+ 1)θ
A
i , tiδ =
hiδ
viδ
, θAi = θ
A
iδ[1 + ε(t)], (7)
where ε(t) is generally a time-dependent small quantity
[5]. The solution enables us to understand some long-
standing questions. First, for the special initial condi-
tion of h1δ/h2δ = v1δ/v2δ = α
A
1 /α
A
2 , one can verify that
ε(t) equals zero exactly, with the corresponding power-
index of θA1 = θ
A
2 = θ
A
2δ, θ
A
2δ = 1/[1 + Cφ(R, η, χδ)] (see
Ref.[5] for more information). This exact solution can
explain the observed θA1 ≈ θA2 for A < 0.8 (see Fig.4) as
follows: for a problem with a small/moderate R and a
positive g(t), previous studies [10, 13] suggested an em-
pirical formula of hi ≈ αAi A[
∫ √
g(t)dt]2 which, when ap-
plied to stage I, gives the special initial condition, leading
to θA1 ≈ θA2 . Second, for general cases, if t ≫ tiδ and we
neglect the high-order modification by ε(t) [5], we can ob-
tain θA2 ≈ θA2δ(φ) explicitly by following the procedures
given in Ref.[5] and θA1 ≈ f(χδ, tiδ, η) implicitly by sub-
stituting the power-law solution into the first equality
of Eq.(4). The former reveals that θA2 , or equivalently
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FIG. 4: (color online). The comparison of power-index
θA1 (red) and θ
A
2 (black) between theoretical predictions (lines)
and experiments (symbols [10]) for problems with impulsive
g(t) and at all R. The lines of θA1 = θ
A
2 (η = 1) show the
exact solution for the special initial condition (see text). For
general cases, Eq.(4) successfully reproduces all the impulsive
experiments conducted by Dimonte [10] but only one exam-
ple (R = 23.4 ,F 68,G15 [10]) is shown in the inset. The
inset compares the results of experiment [10] with predic-
tions by Eq.(4) (solid lines) and by Dimonte’s model (dashed
lines [5]). The current prediction is conducted by integrating
Eq.(4) with experimentally measured g(t)[10] and parameters
of η, w2(η) and Cg0(η) , where a constant Cg0(η) is adopted
to neglect the variation of C[g(t)] in stage I. In a very few ex-
periments (especially those with a large R), probably affected
by distinct initial perturbations, the η needed to be adjusted
slightly around 1, as in the inset with η = 1.1.
h2(t), is nearly independent of the initial conditions, and
determined dominantly by η because φ(R, η, χδ) is only
slightly dependent on χδ (this can be verified with the
expression of φ). In contrast, the latter implies that θA1 ,
or equivalently h1(t), is sensitive to η and the initial con-
ditions, as verified by numerical integration. These con-
clusions are consistent with the experimental [10] and
theoretical [23] results. Finally, in the same way as the
inference in the problem with constant g, the good agree-
ment of θAi with η = 1 in both the experiments and so-
lutions (see the lines in Fig.4) implies that the density
fields in BMZ and SMZ are symmetrical approximately
in most experiments, too.
A discussion is in order. Our theory was validated sys-
tematically in terms of reproducing the results of all the
available experiments, but only those results obtained for
systems with immiscible inviscid fluids [6, 10, 12, 19, 20]
and natural perturbations [10, 12, 19] are presented in
this letter. As is well known, however,αA2 is highly
dependent on the fluid properties (such as viscosity,
miscibility)[5, 15] and initial perturbations [18, 24, 25].
Therefore, for other systems with notably different media
and/or perturbations, slightly different values of param-
eters α02 and/or α
1
2 may be used. Nevertheless, the good
agreements substantially confirm that the evolutions of
hi(t) are governed essentially by conservation principle.
As for the symmetry principle, the η in the current theory
is introduced as a free parameter to reproduce, explain,
and reveal the different evolutions in experiments using
the same R and g(t), and a strong (weak) dependence of
h1(2)(t) on η is found. Although η may depend on many
factors, we infer that the initial perturbations promise to
be the most important factors [3]. Finally, Fig. 2-4 show
that the density fields in BMZ and SMZ are of symme-
try breaking in most experiments where η does not equal
unity exactly, probably a result of natural perturbation.
Therefore, it is reasonable to infer that the symmetry
breaking may be universal in nature, and current work
further demonstrates the possibility of applying the con-
cept to understand the intractable turbulence problem.
For other problems, the concept may work, too.
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